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The departure characteristics and steady-spin characteristics of a training aircraft are ana-
lyzed. The sideslip departure characteristics of the aircraft under the maximum weight and
the minimum weight are obtained, respectively. When predicting the steady-spin, the equi-
librium point of the spin is found by an analytic-graphic method based on “Nash equilibrium
theory”, and the steady-spin parameters of this aircraft are obtained under the conditions
of maximum weight and minimum weight, left spin and right spin, neutral controls and pro-
-spin controls. The simulation results have good theoretical significance for the optimization
and improvement of the aircraft in the preliminary design stage.
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Nomenclature

m – Aircraft mass
b – Wing span
c – Mean aerodynamic chord
g – Gravitational acceleration
S – Wing area
V – Free-stream velocity
R – Radius of spin
Fc – Lateral force
CD, CL – Coefficient of lift and drag
CnβD – Sideslip departure parameter
Cka, Cki – Moment coefficient of aerodynamic and inertia
Clβ, Cnβ – Body-axis aerodynamic rolling and yawing moment due to sideslip
Ω – Aircraft conical rate
∆H – Altitude lost in turn
∆t – Time in turn
ρ – Air density
α – Angle of attack, AOA
αsd – Angle of attack at sideslip departure
β – Angle of sideslip
ψ – Euler yaw angles
δa, δe, δr – Aileron, elevator, rudder deflection
τ – Non-dimensionalized wind-axis rotation rate, τ = Ωb/2V
ωx, ωy, ωz – Body-axis pitching, rolling and yawing rate
ω̇x, ω̇y, ω̇z – Derivative of pitching, rolling and yawing rate
Ixx, Iyy, Izz – Moment of inertia
Ixy, Iyz, Izx – Products of inertia
MAx ,M

A
y ,M

A
z – Aerodynamic moment components about body axes
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1. Introduction

The essence of spin is a curved flight state formed by strong interaction of longitudinal and
lateral forces and moments. Despite the continuous development of the aviation industry, the
complicated and dangerous spin has not disappeared. Frequent flight accidents caused by aircraft
entering the spin in recent years have been made pilots, particularly civil pilots, fearful of the
spin. Therefore, researchers should constantly dig deep into the spin mechanism, investigate the
spin characteristics, and take preventive measures. The research on spin includes spin mechanism
analysis (Bennett and Lawson, 2018; Collins and Sable, 2015), unsteady aerodynamic modeling
at high angles of attack (Kou and Zhang, 2021; Mokhtari and Sabzehparvar, 2018), departure
characteristics and spin sensitivity analysis (Stenfelt and Ringertz, 2013; Farcy et al., 2020),
spin characteristics prediction (Malik et al., 2017), design of spinning control laws (Rogalski et
al., 2020), spin recovery and spin prevention measures (Figat and Goraj, 2016; Kapuscinski et
al., 2020), etc.

Wind tunnel data is the basis for predicting high angles of attack, stall and spin. Using
wind tunnel test data, a differential equation model or neural network can be established to
simulate the complicated and unsteady aerodynamic effect during spinning (Abramov et al.,
2004; Ignatyev and Khrabrov, 2015). From the high angle of attack to the stall and finally to
the spin, the aerodynamic characteristics can be simulated based on the data of the high angle
of attack static force test, forced oscillation test and rotary balance test in the low-speed wind
tunnels. The dynamic motion characteristics of the spin in the unstable stage are analyzed using
unsteady aerodynamic wind tunnel testing techniques such as rotary balance oscillatory coning
motion tests and large-amplitude forced oscillation dynamic wind tunnel tests (Cummings et
al., 2018; Lee et al., 2019).

There will be a divergent and large-scale non-command motion for the aircraft, that is, de-
parture. When the aircraft enters departure, there exist dangerous actions such as wing swaying,
nose pitching-down and shaking. If the recovery process takes too long, the aircraft will most
likely enter a spin. Mature departure prediction criteria include the lateral control departure
parameter LCDP , the sideslip departure parameter CnβD, the “β + δ” stability indication,
Weissman (LCDP − CnβD) and Kalviste criteria. The application scenarios of each criterion
are different, e.g., when a yaw departure occurs, the sideslip departure parameter CnβD can be
applied, and when pitching and yawing departures are coupled, the Kalviste criterion, a stability
criterion considering longitudinal and lateral motion coupling effect and aerodynamic nonlinear
characteristics, is applied.

At present, the commonly used spin prediction methods include the simplified six-degree-of-
-freedom equation of motion and nonlinear bifurcation analysis (Sibilski and Wróblewski, 2012).
For different types of spins, their prediction methods are different. If the lateral angular velocity
is constant, the rotation direction of the aircraft is constant, and the pilot does not clearly feel
that the aircraft stops rotating, the aircraft is in a steady-spin. For the prediction of steady-
-spin, the relationship between the triaxial moment coefficient and is needed, and the solutions
are mainly numerical analysis and the analytical graphic method (Bihrle and Barnhart, 1983).
However, the disadvantages of the two methods are also clear. The numerical method necessitates
a large initial value, which can result in an incorrect or missing solution. The graphic method is
fast, but the accuracy of the equilibrium point is not high enough.

Based on the wind tunnel test data of a specific aircraft, including static force test data and
rotary balance test data, the departure characteristics and steady-spin characteristics of the air-
craft in the range of α from 0◦ to 90◦ are analyzed. Using the sideslip departure parameter CnβD,
the departure characteristics of the aircraft in the range of the positive AOA are obtained; when
predicting the steady-spin, the equilibrium point of the spin is found by an analytic graphic
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method based on “Nash equilibrium theory”, and the steady-spin parameters of this aircraft
under several different conditions are obtained.

2. Basic theories

2.1. Departure prediction

CnβD is used to predict whether the aircraft will have a high probability of yaw departure
at high AOA, and its expression (Chambers, 1969) is

CnβD = Cnβ cosα−
Izz
Ixx

Clβ sinα (2.1)

At different AOAs, CnβD combines the static derivative of directional stability, the static
derivative of lateral stability, and the moment of inertia, which can more realistically reflect the
stability of the aircraft direction. The judgment criteria are:

CnβD > 0, the directional stability is secured, and placed in steady region;

CnβD = 0, the aircraft begins to lose directional stability, the sideslip departure will occur,
and the corresponding AOA is αsd;

CnβD < 0, there is no directional stability, placed in unsteady region, and yawing diver-
gence occurs.

2.2. Prediction of steady-spin

When steady-spin occurs, the pitching, rolling and yawing moments in aerodynamics must
balance their respective inertial moments at the same time. Since most of the mass of a modern
aircraft is concentrated in the fuselage, the inertial pitching moment causes the nose to pitch
up, which means that q > 0. The aircraft in steady-spin is in vertical rotation, and always
produces a positive inertial pitching moment, so a negative aerodynamic pitching moment must
exist in order to achieve the equilibrium. In order to keep the aircraft spinning, there must be an
aerodynamic torque that can provide the drive. In the stalling and post-stalling AOA regions,
the rolling moment is the dominant driving force for rotation around the velocity vector, but as
the AOA increases to a flatter rotational attitude, the yawing moment becomes the dominant
term.

In the steady-spin prediction, first the aerodynamic moment curves and the inertia moment
curves are made, then the required equilibrium points are found from the intersections of the
curves, and finally the complete steady-spin equilibrium solution is obtained by calculation.

3. Analytical graphic method based on Nash equilibrium theory

Game theory is a mathematical theory and method to describe a mathematical model containing
contradictions, conflicts, confrontations and cooperation in the real world. It has penetrated into
many aspects of social and scientific research and gradually formed an independent and complete
theoretical system (Churkin et al., 2021). It is the mutual game of the aerodynamic moment
and the inertia moment in the steady-spin. When the strategies of both sides of the game are
consistent, an equilibrium is reached.

Nash equilibrium is a typical form of non-cooperative game solution. Through the compet-
itive selection process among all the players, the corresponding benefits of all the players are
actively realized, and finally a systematic equilibrium can be achieved in the overall benefits.
Nash’s main idea is: in a multi-objective game G = {S1, S2, . . . , Sm;F1, F2, . . . , Fm}, the set
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is a Nash equilibrium of G.

Based on Nash equilibrium theory, the aerodynamic moment coefficient Cka and inertia
moment coefficient Cki are taken as the game players (k = l,m, n, the same below), and the
equilibrium solution of the coefficients is taken as the iterative strategy ∆Swk = (∆S

1
k , . . . ,∆S

w
k ),

and the variable group (α, β,Ω, V ) exists in the iterative strategy as the strategy space. More,
define the payoff function as

min fu = |Cka − Cki| u = 1, 2, 3 (3.1)

The specific steps are as follows:

a. Construct the initial iteration strategy group ∆Swm = (∆S
1
m, . . . ,∆S

w
m), the iteration strat-

egy is taking α and β as an parameters, and τ as independent variable.

b. Execute the payoff function: min f1 = |Cma − Cmi|, according to the strategy group.

c. Set a new iteration strategy group ∆Swl = (∆S
1
l , . . . ,∆S

w
l ), the new iteration strategy is

taking β as an independent variable and α as a parameter variable, and combined with τ ,
also the strategy space in the new strategy group is the variable group obtained by the
previous payoff function

d. Execute the payoff function: min f2 = |Cla − Cli|, according to the strategy group.

e. Set a new iteration strategy group ∆Swn = (∆S
1
n, . . . ,∆S

w
n ), and there is no new iteration

strategy in this iteration group, and the strategy space in the new strategy group is the
variable group obtained by the previous payoff function.

f. Execute the payoff function: min f3 = |Cna − Cni|, according to the variable group.

Based on Nash equilibrium theory, it will be more direct to reflect the balance between the
aerodynamic moment coefficient and inertia moment coefficient in the form of a payoff function.
What is more, after modeling the state equation by this method, the system state and time-
-varying parameters are placed separately, which is convenient for subsequent program drawing.

4. Mathematical modelling

4.1. Equilibrium equations for forces and moments

After the aircraft entered a steady-spin, the average value of the rotation direction and the
rotation angular rate remained unchanged, the aircraft descended rapidly along a small radius
helical trajectory, and the spin axis almost coincided with the plumb line. A steady-spin is a
dynamic equilibrium motion process, it can be expressed in Fig. 1. During this process, it can
be assumed that (1) lateral force is equal to zero; (2) drag is equal to gravity; (3) lift is equal
to the centrifugal force. It is assumed that the lateral force is zero in the calculation, which is
because small lateral forces have negligible effects on the entire system relative to lift and drag.
So that the force equilibrium equations of the aircraft are

D =
1

2
ρSV 2CD = mg Fc = 0 L =

1

2
ρSV 2CL = mΩ

2R (4.1)

The three-axis moment equations about the body axis are

Mi = f(Iij, ωi, ω̇i) (4.2)

where i = x, y, z, j = x, y, z.
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Fig. 1. Aircraft equilibrium of forces in the steady-spin

Because the longitudinal axis is the main axis of inertia in modern aircraft structures, and
the cross inertial product of the symmetry plane satisfies Ixy = Iyz = 0, the complete body axis
moment equilibrium equations can be expressed as

MAx = Ixxω̇x + (Izz − Iyy)ωyωz − Izx(ωxωy + ω̇z)

MAy = Iyyω̇y + (Ixx − Izz)ωxωz + Izx(ω
2
x − ω

2
z)

MAz = Izzω̇z + (Iyy − Ixx)ωxωy + Izx(ωyωz − ω̇x)

(4.3)

4.2. Motion state equations

After the aircraft enters the steady-spin, the conical rate remains constant, so

ω̇i = 0 (4.4)

more

ωx = Ω cosψ cosα ωy = Ω sinψ ωz = Ω cosψ sinα (4.5)

where ψ = −(β + σ), σ is the angle between the flight path and the vertical axis, and
σ = arctan(RΩ/V ). The spin radius is generally very small when the aircraft is in the steady-
-spin, which makes R ≈ 0, then ψ ≈ β.
Although for the convenience of calculation, we assumed the aircraft with zero lateral force

in the steady-spin, but the nose of the aircraft does not actually face the spin axis in the steady-
-spin. In this condition, the side slip still exists and comes from two aspects: one is that the
aircraft does not face the spin axis, that β is generated; and the other is that the aircraft rotates
around the spin axis and the airflow deflection produces a side slip. Although the side slip occurs,
it is very small relative to the AOA, and the simulation results also confirmed this.
The general form of the moment coefficient in the steady-spin is

Ci = AjF (q,u) (4.6)
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where i = l,m, n j = 1, 2, then

A1 =
1

ρSb
A2 =

1

ρSc
(4.7)

and

q =
[

Ixx Iyy Izz Izx
]T

(4.8)

The state model of the aerodynamic moment coefficient can be obtained as follows
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5. Simulation and result analysis

5.1. Calculation conditions

In this paper, a training aircraft is taken as an example to simulate the departure character-
istics and steady-spin. The data satisfy: 0◦ ¬ α ¬ 90◦, positive τ signifies clockwise rotation of
the aircraft to the outside observers, and the center of gravity is the front. The left spin (τ < 0)
is calculated separately from the right spin (τ > 0) and two different control conditions, neutral
control and pro-spin control, are considered:

— Neutral control, that means δa = δe = δr = 0
◦

— Pro-spin control, for the left spin, δe = −30
◦, δr = +30

◦, δa = −18
◦ -+12◦, and the same

operations for the right spin. Positive δe and δa when the trailing-edge is down, positive
δr when trailing-edge is left.

Also, it is calculated according to the maximum weight wtmax and the minimum
weight wtmin, with the following conditions as shown in Table 1.

Table 1. Initial calculation conditions

Condition Max-weight Min-weight

m [kg] 3300 2800

Ixx [kg·m
2] 6200 3800

Iyy [kg·m
2] 15000 14500

Izz [kg·m
2] 20000 17000
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5.2. Simulation results and analysis

5.2.1. Departure characteristic

When predicting the departure characteristics, wtmax is calculated separately from wtmin,
because the weight will cause a change of the moment of inertia. The curve of CnβD-α is obtained,
as shown in Fig. 2.

As can be seen from Fig. 2, CnβD in whole, positive AOA are in a steady region, whether in
wtmax or wtmin, indicating that directional stability is present, and with increasing AOA, the
value of CnβD increases and the directional stability is enhanced. In addition, it can also be seen
that the rise of the wtmin curve is greater than that of wtmax, indicating that the directional
stability under wtmin is better than that under wtmax. Therefore, it can be determined that the
aircraft will not deviate from its course sharply after stalling.

Fig. 2. CnβD-α curves

5.2.2. Simulation of steady-spin characteristics

(A) Characteristics of steady-spin

After simulation, the yawing moment equilibrium curves Cna-Cni and the corresponding
curves of τ under several conditions in Section 5.1 are obtained, as shown in Fig. 3 and Fig. 4.

Figure 3 shows the yawing moment coefficient equilibrium curves and the corresponding τ for
the four cases in the left spin τ < 0, but not all of the curves have intersections. In Fig. 3a, the
curves of the aerodynamic yawing moment and the inertial yawing moment have no intersection,
but they are very close between AOA 45◦ and 55◦, which proves that the aircraft is in a near-
-equilibrium state in this region. Except for this case, the curves in the other three states have
intersections, especially in Fig. 3b, which has two intersections. But these two intersections may
not be all that we need. The judgment of the equilibrium point will appear in the following (B).

By comparing Figs. 3a and 3b, we found that under neutral control, the curves of wtmin
and wtmax are highly consistent, and the same conclusion can be drawn by comparing Figs. 3c
and 3d. However, comparing Fig. 3a with Fig. 3c, the curves have changed significantly, as have
Fig. 3b and 3d. In addition, the number of intersections at the curves is also changing in various
ways. This is because the deflection has a great influence on the moment coefficient of the three
axes, while the weight change has little effect in a small range. However, both of them will have
an effect on the steady-spin characteristics.
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Fig. 3. The yawing moment equilibrium and τ vs α in the left spin: (a) wtmin and neutral control,
(b) wtmax and neutral control, (c) wtmin and pro-spin control, (d) wtmax and pro-spin control

Similarly, as shown in Fig. 4, we obtained curves under the right spin (τ > 0), with the same
deflection control as the left spin. Like the left spin, the right spin also shows that the deflection
has a greater influence on the moment coefficient than the weight. However, in the right spin,
the curves only have two intersections (see Fig. 4c), and the curves are close to the equilibrium
in other configurations between AOA 45◦ and 55◦. Comparing Fig. 3 with Fig. 4, we can see
that it is hard for the aircraft to enter the steady-spin in the right spin but easy in the left spin.

(B) Equilibrium criterion

The moment equilibrium and τ curves of the aircraft in the left and right spin were obtained
in (A), and four cases of the configuration with intersections are shown in Fig. 5. Among the two
intersections, there must be one intersection that we do not need, but even if there is a single
intersection, it is not necessarily a solution, and the equilibrium criterion needs to be used for
screening.

The criterion of steady-spin equilibrium requires that the slope of the aerodynamic moment
coefficient curve at the intersection be different from the corresponding curve of τ . This occurs
because the aircraft with longitudinal stability must obtain increased or decreased |τ | at a larger
or smaller AOA than predicted, otherwise it will not be able to maintain pitching stability. The
aerodynamic yawing moment coefficient, as a damping moment, should correspond to τ , which
means that the slope of the aerodynamic yawing moment coefficient curve must be opposite to
the τ curve in order to maintain stability. In the right spin, the slopes of the curves of τ at the
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Fig. 4. The yawing moment equilibrium and τ vs α in the right spin: (a) wtmin and neutral control,
(b) wtmax and pro-spin control (for the left spin), (c) wtmax and neutral control, (d) wtmin and

pro-spin control (for the left spin)

intersection are all positive, so the slopes of the aerodynamic moment coefficient curves should
be negative. The equilibrium point to be found in Fig. 5a is intersection II. Unlike the right spin,
the slopes of the τ curves at the intersections in the left spin are negative, so the slopes of the
aerodynamic moment coefficient curves should be positive. Therefore, in Fig. 5b, intersection IV
meets the requirements, while the intersections in Fig. 5c and 5d both meet the criteria.

(C) Calculation of spin parameters

According to the equilibrium AOA, β and τ of steady-spin can be found out from the curves
of moment equilibrium, as shown in Fig. 6. After α, β and τ are obtained, CL and CD in this
state can be found from the test data of the rotary balance, and then V and R can be determined
according to equation (4.1).

In the steady-spin, ∆H and ∆t can be expressed as

∆H =
πb

τ
∆t =

∆H

V
(5.1)

Finally, all steady-spin equilibrium solutions can be obtained, which are shown in Table 2.

Although the aircraft is symmetrical, the characteristics of the left and right spin will be
different. In this paper, this situation is mainly related to aerodynamic characteristics. When
predicting the left and right spin of an aircraft in the steady-spin, the aerodynamic moment
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Fig. 5. Curves at the intersections: (a) wtmax and neutral control, in the right spin, (b) wtmax and
neutral control, in the left spin, (c) wtmin and pro-spin control, in the left spin, (d) wtmax and pro-spin

control, in the left spin

Fig. 6. β corresponding to the equilibrium points



Analysis of an aircraft departure and spin characteristics... 657

Table 2. Complete steady-spin equilibrium solutions

Intersection II Intersection IV Intersection V Intersection VI

α [deg] 51.6 50.2 48.8 49.8

τ [–] 0.21 −0.21 −0.13 −0.13

β [deg] 0.9 −1.6 −3.0 −2.7

V [m/s] 68.5 69.8 64.7 70.2

R [m] 1.87 1.89 6.04 4.94

∆H [m] 149 149 241 241

∆t [s] 2.2 2.1 3.7 3.4

coefficients needed are obtained from the wind tunnel test data of the rotary balance with positive
and negative τ . However, under the same α, the aerodynamic moment coefficients corresponding
to positive and negative τ are not necessarily symmetrical, especially at high α, which may be
caused by the small asymmetry of the aircraft model, asymmetric vortex at high α, wind tunnel
test equipment, and other factors.

6. Conclusion

In this paper, we can draw some conclusions:

• The departure characteristics and spin characteristics of the aircraft can be well analyzed
using the wind tunnel test data; however, due to limitations of the analysis method, the
simulation results will have large errors. There are many assumptions and preconditions,
which will cause many subtle influencing factors to be ignored, so that the simulation
results have large errors, which can only meet the initial stage of aircraft design and
analysis.

• Through the static force test data at high AOA, the sideslip characteristics of the aircraft
can be simulated. The obtained results show that the aircraft has good directional stability
in the entire positive AOA range, and that it will improve as the AOA increases. At the
same time, the directional stability of the aircraft under wtmax is weaker than wtmin.

• The influence of deflection on the steady-spin characteristics is greater than the moment
of inertia, but in several different situations, the aircraft is in an equilibrium state or close
to the equilibrium when AOA is about 50◦.

• Among four equilibrium solutions, three appear in the left spin and only one appears in
the right spin, which means that the probability of the aircraft having a steady spin in the
left spin is greater than that in the right spin.

• The criterion of the steady-spin equilibrium point should be discussed according to whether
the aircraft is in the left spin or the right spin. Some references have expressed that the
criterion for the equilibrium point is that the slope of the aerodynamic moment curve is
negative. But this situation is only for the right spin, since the slope of the τ curve for
the right spin is positive, while the situation for the left spin is just opposite. It requires
that the slope of the aerodynamic moment curve where the equilibrium point is located
be positive in the left spin.

• The spin trajectories in different states are quite different. In intersections II and IV,
R ≈ 1.8m, while it is 6m in intersection V, and ∆H = 241m.
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